On the maximum number of crossings in
star-simple drawings of K,, with no empty lens

*

Stefan Felsner!, Michael Hoffmann?, Kristin Knorr3, and Irene
Parada*

1 Institute of Mathematics, Technische Universitidt Berlin, Germany.
felsner@math.tu-berlin.de

2 Department of Computer Science, ETH Ziirich, Switzerland.
hoffmann@inf.ethz.ch

3 Department of Computer Science, Freie Universitiat Berlin, Germany.
knorrkri@Qinf.fu-berlin.de

4  Institute of Software Technology, Graz University of Technology, Austria.
iparada@ist.tugraz.at

—— Abstract

A star-simple drawing of a graph is a drawing in which adjacent edges do not cross and edges
are not self-intersecting. In contrast, there is no restriction on the number of crossings between
two independent edges. When allowing empty lenses (a face in the arrangement induced by two
edges that is bounded by a 2-cycle), two independent edges may cross arbitrarily many times in a
star-simple drawing. We consider star-simple drawings of K,, without empty lens. In this setting
we prove an upper bound of 3((n — 4)!) on the maximum number of crossings between any pair
of edges. It follows that the total number of crossings is finite and upper bounded by n!.

1 Introduction

A topological drawing of a graph G is a drawing in the plane where vertices are represented
by pairwise distinct points, and edges are represented by Jordan arcs with their vertices as
endpoints. Additionally, edges do not contain any other vertices, every common point of two
edges is either a proper crossing or a common endpoint, and no three edges cross at a single
point. A simple drawing is a topological drawing in which adjacent edges do not cross, and
independent edges cross at most once.

(a) simple (b) star-simple but not simple  (c) not star-simple

Figure 1 Examples for topological drawings of K¢ and a (nonempty) lens (shaded in (b)).
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(a) twisting (b) spiraling

Figure 2 Constructions to achieve an unbounded number of crossings.

We study the broader class of star-simple drawings, where adjacent edges do not cross,
but independent edges may cross any number of times; see Figure 1 for illustration. In such
a drawing, for every vertex v the induced substar centered at v is simple, that is, the drawing
restricted to the edges incident to v forms a plane drawing. In the literature (e.g., [1, 2])
these drawings also appear under the name semi-simple, but we prefer star-simple because
the name is more descriptive.

Star-simple drawings can have regions (not necessarily faces) whose boundary consists
of two continuous pieces of (two) edges, we call such a region a lens; see Figure 1b. More
precisely, a lens is a face in the arrangement induced by two edges and it is bounded by a
2-cycle. A lens is empty if it has no vertex in its interior. If empty lenses are allowed, the
number of crossings in star-simple drawings of graphs with at least two edges is unbounded
(twisting), see Figure 2a. We restrict our attention to star-simple drawings with no empty lens.
This restriction is—in general—not sufficient to guarantee a bounded number of crossings
(spiraling), as illustrated in Figure 2b. However, we will show that star-simple drawings of
the complete graph K, with no empty lens have a bounded number of crossings.

Empty lenses also play a role in the context of the crossing lemma for multigraphs [4].
This is because a group of arbitrarily many parallel edges can be drawn without a single
crossing. Hence, for general multigraphs there is no hope to get a lower bound on the number
of crossings as a function of the number of edges. However, parallel edges create empty
lenses, and disallowing these is enough to make a difference [4].

Kynél [3, Section 5 Picture hanging without crossings] proposed a construction of two
edges in a graph on n vertices with an exponential number (27~%) of crossings and no empty
lens; see Figure 3. This configuration can be completed to a star-simple drawing of K,,,

— D,
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Figure 3 The doubling construction yields an exponential number of crossings.
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(a) 2 edges, 5 crossings. (b) A star-simple completion of (a). (c) The stars of the drawing.

Figure 4 Two edges with 2"~* + 2"~ crossings in a star-simple drawing of K, for n = 6.

cf. [5]. For n = 6 it is possible to have one more crossing while maintaining the property
that the drawing can be completed to a star-simple drawing of Kg; see Figure 4. Repeated
application of the doubling construction of Figure 3 leads to two edges with 274 4 276
crossings in a graph on n vertices. This configuration can be completed to a star-simple
drawing of K,. We suspect that this is the maximum number of crossings of two edges in a
star-simple drawing of K.

2 Crossing patterns

In this section we study the induced drawing D(e, e’) of two independent edges e and €’ in a
star-simple drawing D of the complete graph.

» Lemma 2.1. The four vertices incident to e and €' belong to the same region of D(e,¢e’).

Proof. Assuming that the two edges cross at least two times, the drawing D(e,e’) has at
least two regions. Otherwise, the statement is trivial. If the four vertices do not belong to
the same region of D(e,e’), then there is a vertex u of e and a vertex v of ¢’ which belong
to different regions. Now consider the edge uv in the drawing D of the complete graph.
This edge has ends in different regions of D(e,e’), whence it has a crossing with at least
one of e and ¢’. This, however, makes a crossing in the star of u or v. This contradicts the
assumption that D is a star-simple drawing. <

(a) deadlocks (b) spiral

Figure 5 Forbidden patterns.
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Lemma 2.1 implies that the deadlock configurations as shown in Figure 5(a) do not occur
in star-simple drawings of complete graphs. Formally, a deadlock is a pair e, ¢’ of edges such
that not all incident vertices lie in the same region of the drawing D(e,e’).

Now suppose that D is a star-simple drawing of a complete graph with no empty lens.
In this case we can argue that ¢ and ¢’ do not form a spiral as the black edge e and the
red edge ¢’ in Figure 5(b). Indeed, a spiral has an interior lens L and by assumption this
lens is non-empty, i.e., L contains a vertex z. Let e and €’ be the black and the red edge
in Figure 5(b), respectively, and let u be a vertex of e. The edge zu (the green edge in
the figure) has no crossing with e, hence, it has to follow the spiral. This yields a deadlock
configuration of the edges zu and e’. Note that if in Figure 5(b) instead of drawing the green
edge ru we connect x with an edge f to one of the vertices of the red edge €’ such that f
and the red edge have no crossing, then f and the black edge e form a deadlock.

We use this intuition to formally define a spiral. Two edges e, e’ form a spiral if they
form a lens L such that if we place a vertex x in L and draw a curve -y connecting = to a
vertex u of e so that v does not cross e, then v and e’ form a deadlock.

3 Crossings of pairs of edges

In this section we derive an upper bound for the number of crossings of two edges in a
star-simple drawing of K,, with no empty lens. Actually, we show the following.

» Theorem 3.1. Consider a star-simple drawing of K,, with no empty lens. If C(k) is the
mazimum number of crossings of a pair of edges that (a) form no deadlock and no spiral and
such that (b) all lenses formed by the two edges can be hit by k points, then C(k) < e -kl

Proof. Due to Lemma 2.1 we can assume that all four vertices of e and e’ are on the outer face
of the drawing D(e, e’). We think of ¢’ as being drawn red and horizontally and of e as being
a black meander edge. Let p1,...,px be points hitting all the lenses of the drawing D(e, ¢e’).
Let u be one of the endpoints of e. For each ¢ = 1,...,k we draw an edge e; connecting p;
to u such that e; has no crossing with e and, subject to this, the number of crossings with ¢’
is minimized. Figure 6 shows an example.

€;

Figure 6 The drawing D(e,e’) and an edge e; connecting p; to u.
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We claim the following three properties:

(P1) The edges e; and €’ form no deadlock and no spiral.

(P2) All the lenses of e; and e’ are hit by the k — 1 points p1,...,Pi—1,Pit1s- - - Dk-

(P3) Between any two crossings of e and e’ from left to right, i.e., in the order along €', there
is at least one crossing of ¢/ with one of the edges e;.

Before proving the properties we show that they imply the statement of the theorem.

From (P1) and (P2) we see that the number X; of crossings of e; and €’ is upper bounded
by C(k —1). From (P3) we obtain that C(k) <1+ . X;. Combining these we get

k
1
Ck)<k-Clk—1)+1<k-Y < <kl-e <
pratl
For the proof of the three claims we need some notation. Let &1, &2, ..., &N be the crossings

of e and ¢’ indexed according to the left to right order along the horizontal edge e¢’. Let g;
and h; be the pieces of €’ and e, respectively, between crossings &; and &;11. The bounded
region enclosed by g¢; U h; is the bag B; and g; is the gap of the bag. The minimal lenses
formed by e and ¢’ are exactly the bags B; where h; is a crossing free piece of e. From now
on when referring to a lens we always mean such a minimal lens. The following is crucial:

» Observation 3.2. For two bags B; and B; the open interiors are either disjoint or one is
contained in the other.

The observation implies that the containment order on the bags is a downwards branching
forest. The minimal elements in the containment order are the lenses. Consider a lens L and
the point p; inside L. Since the vertex u of e is in the outer face of D(e,e’) the edge e; has
to leave each bag which contains L and by definition it has to leave a bag B containing L
through the gap g of B.

We now reformulate and prove the third claim.

(P3’) For each pair §;,§;+1 of consecutive crossings on e’ there is a lens L and a point p; € L
such that e; crosses ¢’ between ¢; and &;41.

Proof of (P3’). The pair &, ;41 is associated with the bag B;. In the containment order of
bags a minimal bag below B; is a lens, let L be any of the minimal elements below B;. By
assumption, L contains a point p;. Since L € B;, we have that also p; € B;. Thus, it follows
that e; has a crossing with the gap g;, i.e., e; has a crossing with €’ between & and 1. <«

Proof of (P1). We have to show that e; and e’ form no deadlock and no spiral. The
minimality condition in the definition of e, implies that if L = B;, C B;, C ... C B;, is the
maximal chain of bags with minimal element L then e; is crossing the gaps of these bags
in the given order and has no further crossings with e’. If v is a curve from L to u which
avoids e then in the ordered sequence of gaps crossed by v we find a subsequence which is
identical to the ordered sequence of gaps crossed by e;. Since e and ¢’ form no spiral there is
such a curve v which forms no deadlock with ¢’ but then e; forms no deadlock with e’.
Now assume that e; and €’ form a spiral. Let B be the largest bag containing p;. Think
of B as a drawing of e; with a broad pen which may also have some extra branches which
have no correspondence in e;, see Figure 7. The formalization of this picture is that for every
bag 8 formed by e; with e’ there is a bag B(3) formed by e and ¢’ with B(8) C 8. Now, if
there is a lens A formed by e; with ¢’ such that every e;-avoiding curve to u is a deadlock

EuroCG’'20



79:6 Crossings in star-simple drawings of K,, with no empty lens

with e/, then there is a lens L(\) formed by e and e’ with L(\) C A and every e-avoiding
curve to u is also B-avoiding and hence e;-avoiding. This show that every such curve has a
deadlock with €', whence e and ¢’ form a spiral, contradiction. <

Figure 7 An edge e;(green) forming a spiral with ¢’. The bag B in gray and the lens L()\) marked
with the vertex p;(blue).

Proof of (P2). We already know that e; and e’ form no deadlock. Therefore, by Lemma 2.1,
the vertices of e; and ¢’ belong to the same region of D(e;,e’). All crossings of e; with e’
correspond to bags of e and e/, therefore the vertices of e and €’ are in the outer face of D(e;, €’).
Together this shows that p; is also in the outer face of D(e;,e’). Since every lens of D(e;,e’)
contains a lens of D(e,e’), it also contains one of the points hitting all lenses of D(e,e’).
Hence, all lenses of D(e;,e’) are hit by the k — 1 points p1,...,Pi—1,Pit1s- - Dk- <

4 Crossings in complete drawings

Accounting for the four endpoints of the two crossing edges we have k < n —4 in Theorem 3.1.
Therefore, we obtain that the number of crossings of a pair of edges in a star-simple drawing
of K,, without empty lens is upper bounded by e(n — 4)!. This directly implies that the
drawing of K, has at most n! crossings. We know drawings of K, in this drawing mode with
an exponential number of crossings. It would be interesting to reduce the huge gap between
upper and lower bound.
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