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Introduction

Unit distance graphs

Unit distance graph (UDG): a graph which can be embedded into the plane with the
endpoints of its edges having distance 1 from each other.

Related question:
Hadwiger–Nelson problem: determining the chromatic number of (the graph of unit
distances in) the plane (CNP). From the De Bruijn–Erdős theorem, it is the maximal
chromatic number of finite UDGs.

Current best known bounds: 5 ≤ CNP ≤ 7. (de Grey (2018) and Isbell (1950))
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Introduction

Number of edges in a UDG

u(n): the maximal number of edges in a UDG with n vertices.

Erdős (1946): n1+c/ log log n ≤ u(n) = O(n3/2).

The lower bound remained unchanged, the best currently known upper bound (and our
main topic) is O(n4/3) (Spencer, Szemerédi, Trotter (1984)).

For exact values of u(n), some easy lower bounds:

u(2n) ≥ 2 ⋅ u(n) + n for n ≥ 0
u(ab) ≥ a ⋅ u(b) + b ⋅ u(a) for a,b ∈ N

and upper bound:

u(n) ≤ ⌊ n
n−2 ⋅ u(n − 1)⌋ for n ≥ 1

i.e. the maximal possible edge density of a UDG is monotonously decreasing.
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Introduction

Variants of the problem

In higher dimensions:
In 3 dimensions, the best known lower bound to the edge number is Ω (n4/3 log log n)
(Erdős (1960)), while the best known upper bound is O (n3/2). (Zahl (2011), Kaplan,
Matoušek, Safernová, Sharir (2012))
In 4 dimensions, the exact value is known: it is ⌊n2

4 ⌋ + n if n is divisible by 8 or 10 and

⌊n2

4 ⌋ + n − 1 otherwise. (Brass (1997), van Wamelen (1999))

The problem for spheres: A unit distance graph on a sphere cannot have more than
c0n

4/3 edges (where the constant c0 does not depend on the radius of the sphere).
This can be reached if the radius is 1

√

2
. (Erdős, Hickerson, Pach (1989))

There exist graphs with n vertices and cn
√

log n edges which can be drawn to any sphere
with a radius larger than 1 so that all the neighbouring vertices have distance 1.
(Swanpoel, Valtr (2004))

The planar case for other norms: A unit distance graph with n vertices can have Ω (n4/3)
edges for an appropriately constructed norm. (Valtr (2005))
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Introduction

Crossing lemma

The crossing number (cr(G)) of a graph G :

In a planar embedding of G , cr(G) is the minimum number of crossings among the
edges (counted with multiplicity).

Crossing lemma: For a simple graph G , cr(G) ≥ c ⋅ e3

n2 , if the number of edges is large
enough.

The currently known best version of the crossing lemma: cr(G) ≥ e3

29n2 , if e ≥ 6.95n.
(Ackerman (2013))
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Introduction

Székely’s upper bound for u(n)
Recall: u(n) = O(n4/3). (Spencer, Szemerédi and Trotter (1984))

Theorem: u(n) ≤ 8n4/3. (Székely (1997))
The proof uses the easy fact that all the vertices of a UDG of maximal edge count
(n ≥ 3) have degree at least 2. Now we can transform this graph G into a graph H

without loops and with edge multiplicity at most 4 in the following way:

H has two times as many edges as G , and if we delete the duplicate edges, we have an
upper bound for its crossings (it has at most 2 ⋅ (n2) of them), so we can use the crossing
lemma to give an upper bound for the number of its edges.
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The main result

Our improvement to Székely’s proof

Theorem u(n) ≤ 2.083 ⋅ n4/3 (Ágoston, Pálvölgyi (2020)) (in the submitted paper)

Theorem u(n) ≤ 1.936 ⋅ n4/3 (Ágoston, Pálvölgyi (2020)) (new improvement with a
simpler proof)

Take a graph G with n vertices and u(n) edges and transform it to a graph H the same
way Székely did.

Suppose that G has no vertex with degree ≤ 2. Then H has 2u(n) edges counted with
multiplicity and all of the edges of H have multiplicity at most 2.
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The main result

Again, there are at most n2 − n crossings among the edges of H. Let us first forget about
the crossings of the circles that occur in vertices and thus they are not crossings in H.

We can rearrange the edges of the above drawing of H using the following steps:

After the procedure ends in finitely many steps, there will be u(n) double edges and no
single edge and all the double edges contain two edges close to each other. The number
of crossings did not increase, so it still remained at most n2 − n.

If the condition of the crossing lemma applies, the double edges have at least (u(n))3

29n2

crossings counted without multiplicity, thus at least 4u(n)3

29n2 crossings counted with

multiplicity. From this we get the inequality u(n) ≤ 3
√

29
4 ⋅ (n4 − n3).
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The main result

So if there is a UDG whose edge number is larger than 3
√

29
4 ⋅ (n4 − n3), then either the

condition of the crossing lemma does not apply for it or it has at least one vertex with
degree ≤ 2.

The first case can only happen if n ≤ 47 as otherwise 3
√

29
4 ⋅ (n4 − n3) ≥ 6.95n.

In this case, a lower bound on the crossings of circles occuring in vertices leads to
contradiction.

The second case means that u(n) ≤ u(n − 1) + 2, which also leads to contradiction if we

suppose by induction that u(n − 1) ≤ 3
√

29
4 ((n − 1)4 − (n − 1)3).

So now for all n’s we have u(n) ≤ 3
√

29
4 ⋅ (n4 − n3) < 3

√
29
4 n4/3 < 1.936 ⋅ n4/3.
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Values of u(n) for small n’s

Schade (1993) calculated the exact values of u(n) for n ≤ 14 and gave some bounds for
15 ≤ n ≤ 30.

His methods included the inequalities mentioned in the beginning: u(n) ≤ ⌊ n
n−2 ⋅ u(n − 1)⌋

and u(ab) ≥ a ⋅ u(b) + b ⋅ u(a), but for n ≤ 13 he analyzed the possibilities and determined
all the maximal UDGs. He sometimes also used additional tricks for larger n’s.
We have constructed a new lower bounding graph for n = 28 and new lower bounds for
n = 29 and n = 30.
For finding new upper bounds, we used the following lemma:
For a graph H with n vertices in which all edges have multiplicity at most 2 and the
number of edges (counted with multiplicity) is denoted by e, cr(H) ≥ 2e − 12n + 24.
Combining this with the lower bound for the number of crossings among the circles
forming the edges of H that occur in vertices, we get
n2 − n ≥ 4 ⋅ ∣E(G)∣ − 12n + 24 +∑v∈V (G)

(deg(v)
2 ) ≥

4 ⋅ u(n) − 12n + 24 + n ⋅ (1 − {2u(n)
n }) ⋅ ( ⌊

2u(n)
n

⌋

2
) + n ⋅ {2u(n)

n } ⋅ ( ⌈
2u(n)

n
⌉

2
) (where {x}

denotes the fractional part of x) or u(n) ≤ u(n − 1) + 2.
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Values of u(n) for small n’s

n u(n) Lower bounding graph(s)
1 0
2 1

3 3

4 5∗

5 7∗

6 9∗

7 12

8 14∗
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Values of u(n) for small n’s

9 18

10 20∗

11 23∗

12 27

13 30∗

14 33∗

15 37 or 38

16 41 or 42∗

17 43–47
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Values of u(n) for small n’s

18 46–52

19 50–57∗

20 54–63

21 57–68∗

22 60–72

23 64–77

24 68–82
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Values of u(n) for small n’s

25 72–87

26 76–92

27 81–97

28 85-102

29 89–108

30 93–113
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